We consider local and non-local charges in bosonic and supersymmetric principal chiral models in 1+1 dimensions. In the bosonic case we point out that there exist local conserved charges, in involution with the Yangian non-local charges, which have spins equal to the orders of the Casimir operators and which therefore fit Dorey's construction. We clarify earlier arguments due to Goldschmidt and Witten which provide sufficient conditions for the quantum conservation of some of these local charges. As a prelude to the supersymmetric case, we analyze a general conservation equation in superspace and deduce that conserved charges in supersymmetric models need not have superpartners in general, but that superpartners may arise when the conserved current has a particular structure-a phenomenon illustrated by the partnership of energy-momentum and the supersymmetry charge itself. We then use a superfield formalism to discuss the local and non-local charges in the supersymmetric principal chiral model. Generalizing the Goldschmidt-Witten arguments, we show the existence of a higher (spin-5/2) conserved quantum supercurrent for the SU (N ) case. We briefly discuss the implications for the multiplet structures in both the bosonic and supersymmetric theories. 
Introduction
Integrable lagrangian field theories in 1+1 dimensions can be divided into two broad classes. On the one hand there are theories which can be studied semi-classically at weak coupling, allowing certain gross features, such as the particle spectrum, to be deduced directly from the lagrangian. Well-known examples are the sine-Gordon theory and its affine Toda generalizations. On the other hand, there are models which are strongly-coupled in the infra-red, so that information about the quantum theory is much harder to extract from the lagrangian, for example non-linear sigma-models with compact target manifolds. In both cases, however, the existence of various exotic symmetries, especially those of higher spin, plays a crucial role in determining the quantum properties and ultimately the structure of the exact S-matrix. It is perhaps surprising, given the rather different physical attributes of these two classes of models, that they can turn out to have much in common at the quantum level.
Simply-laced Lie algebras are known to underly a number of integrable field theories in 1+1 dimensions, and to offer explanations for some common features of these otherwise disparate models. In affine Toda field theories (ATFTs) the defining Lie algebra data are just the simple roots (plus the lowest root). For an ATFT with a real coupling constant, the complete mass spectrum can be derived directly from the classical lagrangian and although the masses are renormalized at the quantum level their ratios are unaffected.
In the more complicated case when the coupling is imaginary, there are classical and quantum solitons, and, as bound states of these, quantum scalar particles whose masses are deduced from exact S-matrices. Once again, however, the mass ratios survive the effects of renormalization. In complete contrast, the principal chiral models (PCMs) are defined by scale-invariant classical lagrangians whose fields take values in some Lie group. Their masses therefore arise purely quantum mechanically, through a complicated strong coupling effect. Nevertheless, the pattern of masses which emerges (again from exact Smatrices) is identical to the ATFT case (at least for the simply-laced theories) despite the very different roles played by the Lie algebras in these models.
The integrability of each ATFT follows from the existence of a set of conserved charges with spins equal to the exponents of the underlying Lie algebra, modulo the Coxeter number [3] . The charges are local, so that they are additive on asymptotic, multi-particle states, and they all commute with one another. Their existence places strong constraints In the bosonic case, the Yangian non-local charges mentioned above are long-established, but the possibility of local charges in PCMs fulfilling the conditions required for Dorey's rule has not been previously investigated to our knowledge. The existence at the quantum level of some examples of charges of low spin has already been demonstrated in much earlier work. We review these arguments, correcting some details, and investigate to what extent they can be generalized to higher-spin charges.
In the supersymmetric case we begin by making some general remarks about the nature of conservation laws in superspace. We then investigate both the local and non-local charges in the supersymmetric SU(N) principal chiral model using the superspace formalism. This gives a natural explanation for the lack of superpartners for Yangian charges, which had been found using component formalisms in [16] . As far as the local charges are concerned, we show the existence of a quantum conserved supercurrent of spin 5/2.
2 The bosonic principal chiral model
Preliminaries
The principal chiral model is defined by the lagrangian
where the field g(x µ ) takes values in some Lie group G. It has a global G L × G R symmetry with conserved currents j
valued in the corresponding Lie algebra A of G. The equations of motion following from (2.1) correspond to the conservation of these currents:
3)
The currents also obey ∂ µ j ν − ∂ ν j µ + [j µ , j ν ] = 0 (2.4)
as a consequence of their definitions in terms of the field g. It is significant that this last condition can be interpreted as a zero-curvature condition with j µ a two-dimensional gauge field; the definition of j µ in terms of g mean that it is a pure gauge. In fact the two conditions (2.3, 2.4) capture much of the essential algebraic structure of the PCM.
We introduce a basis of anti-hermitian generators t a for the Lie algebra A with real structure constants f abc and normalization given by
The current components in this basis are defined by j µ (x, t) = t a j a µ (x, t) . The energy-momentum tensor
is conserved, symmetric and traceless, reflecting the conformal invariance of the classical lagrangian. The Poincaré subgroup is generated by the momenta
and the Lorentz boost generator
The standard Poisson brackets relations, namely
and {M,
can readily be confirmed using the definitions in terms of the underlying currents and their brackets given above.
In terms of standard Minkowski coordinates x 0 = t and x 1 = x in two dimensions, our spacetime conventions are η 11 = −η 00 = 1 and ǫ 01 = 1. We shall also make extensive use of light-cone coordinates and their derivatives defined by:
The equations (2.3, 2.4) can then be written 9) whilst the energy-momentum tensor takes the familiar form
with
Non-local charges
There exist infinitely many conserved non-local charges in the bosonic PCM, generated by the obvious local charge
0 dx and the first non-local charge
whose Poisson brackets form a Yangian Y (A) [8] . In fact there are two infinite sequences of such charges constructed from both j L µ and j R µ in (2.2), and so the model has a charge algebra Y L (A) × Y R (A). (It can be checked that Y L and Y R commute.) These charges can be extracted from the monodromy matrix by a power series expansion in the spectral parameter, or equivalently can be constructed by the following iterative procedure [9] :
Suppose there are (not necessarily Lie algebra valued) 4 currents j (r) µ for r = 1, . . . , n, which are conserved:
It is a little more involved to use the adjoint action of j µ in the covariant derivative, as is implicit in our Q
(1) 's being algebra-valued.
for some scalar functions χ (r) , and that these currents are related to one another by
Taking r = n + 1 in the equation above defines a new current, which is conserved because
To complete the recursive definition we take j (0) µ = j µ and set χ (−1) = 1.
To confirm that these non-local charges are all Lorentz scalars, we can apply the boost operator M to the charges:
Because the charges are non-local they will not be additive on products of states. Their action is given by the coproduct 15) which has the usual interpretation in the quantum theory, and may also be interpreted classically as giving the values of the charges on widely-separated, localized configurations [10] .
Local charges
In any conformally-invariant theory, the equations (2.11) imply immediately a series of higher-spin conservation laws, simply by taking powers of the energy-momentum tensor:
These correspond to the conservation of the higher-grade generators which make up the full Virasoro algebra. But the PCM has, in addition, more primitive conservation laws which depend on the precise form of the equations of motion of the currents rather than on conformal invariance alone. Specifically, we have
which follows from (2.9). Notice that, because of the trace operation, the same local conservation laws are obtained using either j L or j R : so there is just one set of local charges, in contrast to the two-fold left-and right-copies of the non-local charges. It is clear that products of these quantities and their derivatives will also be conserved: for example, ∂ − Tr(j (where (. . .) means 'symmetrize on the enclosed indices'). There are at most rank(A) independent d-tensors and Casimirs, and the integers s = m − 1 corresponding to the independent Casimirs with degrees m are defined to be the exponents of the algebra A (though there are other, equivalent definitions).
The conserved charges following from the above currents can now be expressed directly in terms of the Casimirs as
We can then calculate their Poisson brackets:
Acting on multi-particle states, these charges are simply additive (implied by their locality), which we can also express by saying that they have a trivial co-product:
Finally we note that the behaviour under Lorentz transformations can essentially be readoff from the number of ± signs labelling the currents. More formally, however, we can calculate the action of the boost generator and find that
Using the classical Poisson brackets for the currents, we can also show that the local charges are in involution with the Yangian charges:
The last calculation is more subtle than the others, involving a neat cancellation between ultralocal and non-ultralocal terms; we supply some details in appendix C.
To summarize: we have found at the classical level a set of local conserved charges which commute with one another and which have spins equal to the exponents of the algebra A.
These are exactly the properties necessary for Dorey's construction to apply, provided they persist at the quantum level. Unfortunately, the quantization of the principal chiral model is considerably more subtle than the quantization of an affine Toda theory, the original context of Dorey's construction. Nevertheless we take the classical calculations as encouraging evidence and we conjecture that these key properties do survive quantization. We shall see below that what little is known about the quantum behaviour of the local charges confirms this belief.
Quantization
The non-local charges were originally quantized [7] using a point-splitting regularization of Q (1)a , and were found to form Y L (A) × Y R (A), the canonical quantization of the Poisson brackets. However, one of the Poisson brackets found above to be zero, {M, Q (1) }, develops a term [7] at orderh 2 . This is essential to the construction of the quantum S-matrices, which would otherwise be trivial. Although the calculations have not been carried out, it would be rather surprising if the vanishing commutators between the non-local and local charges also received quantum modifications: it is difficult to see, for example, how the known S-matrices could be consistent if the local charges did not commute with the Yangian.
Point-splitting quantization would be a very much more complicated undertaking for the local charges, since they involve products of many currents taken at a single point.
In the absence of explicit quantization, an approach which gives a sufficient but not a necessary argument for quantum conservation is to count the possible anomalous terms which could appear as quantum corrections to a given classical symmetry, and to ask whether all such terms can be written as total derivatives. In this way Goldschmidt and Witten showed that, for SU(N) and SO(N), there is at least one conserved charge beyond energy-momentum (m = 2). Unfortunately the excess of anomalies over derivatives grows rapidly with m, and we have shown explicitly that their method fails at the next values of m beyond those they consider. We emphasize, however, that their arguments are sufficient but not necessary for the existence of quantum conserved charges, and so this failure does not deter us in our belief that the full complement of quantum charges exists. Moreover, their motivation was primarily to establish integrability, whereas for us these arguments take on a potentially deeper significance concerning the structure of the S-matrix. Since their original presentation was rather brief, we discuss the case of the bosonic PCM in some detail in the next sub-section. This also serves to prepare the way for the new results we shall present later on the supersymmetric PCM.
Goldschmidt-Witten anomaly counting
For definiteness we restrict attention to the case of SU(N). In addition to the continuous symmetry of the lagrangian (2.
there are also discrete symmetries
which will play a very important role. They clearly exchange G L and G R , and we shall call the first of these discrete symmetries G-parity. (In the PCM effective description of strong interactions in four dimensions, the physical parity operator is our G-parity together with spatial reflection.)
Let us consider a classical conservation equation ∂ − Tr(j m + ) = 0 . (For brevity we omit discussion of ∂ + Tr(j m − ) = 0, which can of course be handled similarly.) Since conformal invariance will be broken quantum mechanically, we cannot expect this conservation law to survive in exactly the same form. Nevertheless, the only quantum modifications which can appear are operators with the same mass dimension and the same behaviour under all continuous and discrete symmetries. We can easily enumerate a linearly-independent set of such operators A i with i = 1, . . . , p, say. Then the most general possible quantum modification is
where the α i are unknown constants. In deciding which As are independent, we are free to use the classical equations of motion, because any quantum modifications appearing in the Heisenberg equations will again correspond to operators with the correct dimensions and invariance properties, so that they will already occur in our list. Now, if the combination of As which appears in (2.27) can be written as a total spacetime derivative, then we still have a conservation law, albeit of a modified form. In the absence of any explicit calculation, Goldschmidt and Witten observed (see also [12] ) that it is sometimes sufficient to simply count the number of linearly-independent total-derivative terms B j , with j = 1, . . . , q, which again have the same quantum numbers as ∂ − Tr(j m + ). Since each B can be written as a combination of As, q ≤ p. But if q = p then, conversely, every anomaly can be written as a total divergence, and we can deduce that the conservation law survives. In counting the Bs, we are also free to make use of the classical equations of motion, as explained in [11] .
Even if q < p, we can consider all other classically conserved currents with the same symmetry properties as Tr(j m + ), for instance Tr(j r + )Tr(j s + ) with r + s = m, or any product of such traces corresponding to higher partitions of m. In fact the most general possibility is a differential polynomial in such quantities, with m being the total number of j + s and ∂ + s. We should ensure, however, that we do not count total ∂ + derivatives, since these are trivially conserved. If the total number of classically conserved currents is n, and if p < q + n, then there must be at least one linear combination of currents which is still conserved quantum mechanically, corresponding to the fact that there is at least one linear combination of anomaly terms which can be written as a space-time divergence.
In their treatment of the bosonic PCMs, Goldschmidt and Witten wrote down As and Bs as functions of the field g. In confirming and generalizing their analysis, however, we have found it essential to use the currents j µ so as to clarify the all-important question of which As and Bs are really independent. We must also set up some notation which will enable us to keep track of these currents under the discrete symmetries. First we note that
We shall henceforth consider only j L , and drop the superscript L. One finds also that
but unfortunately the situation is more complicated for higher derivatives. To introduce combinations of currents which have simple behaviour under this discrete symmetry, we define j r = j ++...+ (r + indices) recursively by
It is then easy to show that
so that we have succeeded in identifying currents with simple behaviour under both discrete symmetries.
The first example of a conservation law is to take m = 2 in (2.27). The classical current Tr(j + j + ) is nothing but the energy-momentum tensor, and we certainly expect this to survive quantization. Indeed, there is only one possible anomaly A 1 =Tr(j − j ++ ), only one derivative B 1 = ∂ + Tr(j − j + ), and in fact A 1 = B 1 . This modification reflects the non-vanishing of the trace of the energy-momentum tensor quantum mechanically, corresponding to the breaking of conformal symmetry.
Since the exponents of SU(N) are 1, 2, 3, . . . , N−1, the next conservation law to be considered has m = 3. The current Tr(j So conservation again survives quantization, and A 1 = B 1 .
The next, less trivial case is m = 4. In addition to Tr(j 4 + ) there is a second current (Tr(j 2 + )) 2 , both being even under each of the discrete symmetries. In this case we find
(Note that another apparent possibility among the Bs, ∂ − Tr(j + j 3 ), is not allowed; it is not independent of B 3 .) Thus p = 5, q = 4 but the number of classical currents is n = 2. We conclude that there is one linear combination of Tr(j So far we have arrived at the same conclusions as [11] regarding the existence of spin-3 and spin-4 currents in the SU(N) PCM. In comparing our lists of anomalies and derivatives with theirs, however, we should point out that there are some important discrepancies. There seem to be some misprints and/or errors in eqns. (19) and (23) of [11] : the terms A 4 in (19) and A 2 in (23) do not have the correct behaviour under discrete symmetries.
Furthermore, the terms B 1 and B 2 in eqn. (24) of [11] are not independent, since they can be related using the equations of motion. Any obvious modification of the term A 2 in eqn. (23) to give it the correct symmetry can similarly be related to A 1 , confirming our counting above of one anomaly and one derivative for the spin-3 current, rather than two of each, as claimed in [11] . This underscores our opinion that it is clearest to work with quantities valued in the Lie algebra-i.e. currents j µ -in order to be confident that the counting is correct.
The importance for our present purposes is that these examples of spin-3 and spin-4 currents provide the first non-trivial confirmation of our earlier assertion concerning the existence of quantum, local charges fulfilling Dorey's criteria.
We have also investigated the situation for charges of spins 5 and 6, with the following results. For m = 5 the classical currents are Tr(j 5 + ) and Tr(j 2 + )Tr(j 3 + ) which are both odd under G-parity. The numbers of anomalies and derivatives are p = 8, q = 6, and so with n = 2 quantum conservation is not guaranteed. For m = 6, there are n = 5 classical currents which are even under G-parity. The numbers of anomalies and derivatives are p = 25 and q = 18, so the argument again fails. There is also a single classical spin 6 current which is odd under G-parity, but p = 21 and q = 10, so again conservation is not guaranteed. Some details of these cases are given in appendix B.
For SU(N) and SO(N), Goldschmidt and Witten argued for the existence of at least one conserved charge beyond energy-momentum; in each case we have investigated the next charge beyond those they considered, and found the argument to fail. It is believed that in these models one additional conserved charge is all that is necessary to guarantee integrability and factorization of the S-matrix [13] ; it would certainly be a great surprise if, one charge being conserved, the others were not. Finally, we emphasize once more that the counting criteria of Goldschmidt and Witten are sufficient to show quantum conservation, but they are by no means necessary conditions.
Particle multiplets and G-parity
The particle multiplets form representations of Y L × Y R . In [1] these were taken to be V ⊗V , where V is a representation of Y (A). Although it is possible to advance various arguments for this multiplet structure, none of them seem entirely conclusive, although the assumption certainly leads to consistent S-matrices.
The particle multiplets also represent the local charges, of course, and, since G-parity is a symmetry of the lagrangian, would be expected to form multiplets under it. The symmetry g → g −1 exchanges G L and G R , and so its action on Y L × Y R multiplets must be of the form
we have non-zero combinations of states |v |w ± |w |v with eigenvalues ±1 under G-parity. These states must therefore be exchanged under the action of those local charges which are themselves odd under G-parity.
The charges in (2.20) are even/odd under G-parity precisely as m is even/odd. But we have already pointed out that the integers m, for a given algebra A, are its exponents plus one. For algebras whose representations are all self-conjugate, the exponents are all odd, and the charges are then all even. In the absence of odd-parity charges, we would expect only G-parity singlets, in multiplets V ⊗ V , exactly as proposed in [1] .
This might appear to neglect the charge
we see from (2.28) has odd parity. In fact it is easy to check that this charge cannot change the parity of a state. Hence it must give zero on all physical states, which are thus of the form |v | − v + | − v |v , where v is a weight of V .
However, if an odd-parity conserved charge exists which does not give zero, it must yield a different physical state with opposite G-parity, and states will appear in G-parity doublets. Even exponents (and thus odd G-parity local charges) exist precisely when there are representations of A (and thus of Y (A)) which are non self-conjugate. If these charges' action on states is non-trivial, the resulting doublets |v | − v ± | − v |v will then lie in (V ⊗V ) ⊕ (V ⊗ V ), again as in [1] . This is a similar situation to that in ATFTs, where it is the even-spin charges which enable states to be distinguished from their (mass-degenerate)
conjugates [14] .
3 Conservation laws in superspace
Notation and conventions
We shall work in superspace with bosonic coordinates x ± and real, fermionic (Grassmann) coordinates θ ± . Our conventions are that each index ± on a bosonic object indicates one unit of Lorentz spin, but that on a fermionic object each ± signifies a 1/2-unit of spin (we consider no fields with unphysical statistics). We shall never need to raise or lower indices; for our purposes it will be enough to know that upper ± components transform like lower ∓ components for both vectors and spinors, enabling us to read-off the spins of various products. The usual rules for Grassmann differentiation and integration apply,
A superfield is any function Φ(x ± , θ ± ) whose variation under a supersymmetry transformation with parameters ǫ ± is given by
where the supersymmetry generators
The superspace derivatives defined by
anti-commute with Q ± and obey
The result of applying D ± to any superfield is again a superfield.
A general conserved superfield current
Consider a superfield current with components J ± which obey a conservation equation
For simplicity we consider the case where J ± are fermionic, each carrying a single Lorentz spinor index, with all other possible internal or Lorentz indices suppressed. Modifications, such as taking the currents to be bosonic rather than fermionic, are straightforward.
First we examine the x-space content of the above equation by defining the component expansions:
With J ± fermionic, α ± and β ± are also fermionic, while j ± , u, v are bosonic, and all these fields are real. It is now easy to show that (3.1) is equivalent to
The first of these is the usual conservation equation for a bosonic current with components j ± , and the corresponding conserved charge can be written either in x-space or directly in superspace:
where the x-integrals are understood to be taken over a space-like curve.
Now one might have expected that the current j ± and its charge B should have partners related to them by the action of supersymmetry. But the remaining equations (3.4)-(3.6) do not, in general, express any additional conservation law. There is actually no reason why the charge B which arises from a superspace conservation equation (3.1) should have a superpartner. Furthermore, this is consistent with the fact that B is always invariant under supersymmetry δ ǫ B = 0 (3.8)
which follows from (3.7) by virtue of the assumption that J ± are superfields-or, in terms of components, because j ± vary into specific combinations of total derivatives which disappear upon integration. Notwithstanding these remarks, there may be special circumstances in which we know something more about the structure of some particular current J ± , and from which we can deduce that the corresponding charge B does have a superpartner after all.
Superfield currents and superpartners
One familiar example is that of a 'holomorphic conservation law' for which J − = 0. Then the equations above take the simpler form:
Now there are clearly conserved charges
and we can compute the supersymmetry variations
Thus, F + and B are indeed fermionic and bosonic conserved charges related by supersymmetrythough we should emphasize that our earlier conclusion (3.8) is unaffected.
It is important that conserved superpartners can also arise when the conservation law is not of holomorphic type. Working in components, it is clear that for (3.4) to give an additional conservation law we require that β − = −∂ + ω −−− for some (spin-3/2) fermion ω −−− , so that the equation becomes
If we now examine what is needed for this constraint to be consistent with supersymmetry, we find that we must also have v = −∂ + k − , for some (spin-1) boson k − . It is then simple to show that these conditions can be re-cast in a convenient form in superspace by taking
(The bosonic superfield K − and its components are all real.) The new conserved charge
and original (3.7) obey (3.11), just as in the holomorphic case (which corresponds simply to the possibility ω −−− = K − = 0). There is also the independent possibility that J + = −iD − K + , which would yield another superpartner F − .
Energy-momentum and supersymmetry
An important example which requires still further clarification is the relationship between conservation of energy-momentum and of the supersymmetry charge itself. As a consequence of translation invariance, Noether's Theorem in superspace guarantees the existence of a superfield conservation law of the general form (3.1) with the bosonic charge B being energy-momentum along some particular direction. This is certainly a case in which we expect there to be a conserved superpartner F , namely a supersymmetry generator. And yet our remarks above caution that we must know more about the structure of the current in order to deduce this.
In fact we must consider explicitly the consequences of invariance under supersymmetry, which gives more information than invariance under translations alone. By writing down the superspace conservation equation corresponding to supersymmetry transformations, it can be shown that the definition of the translation superfield current can always be improved so as to fulfill the condition (3.13). Once we have done this, there is indeed a conserved superpartner which is exactly the supersymmetry charge.
The necessity of carrying out such an improvement in the conformal case was discussed in [15] , but in language pre-dating the modern development of conformal field theory. In contemporary terminology, this is simply the statement that in a superconformal field theory we can always improve the canonical super-energy-momentum tensor so that its conservation becomes a 'super-holomorphic' condition for a spin-3/2 field, of the type written in (3.9), which includes 'ordinary holomorphic' conservation of the bosonic, spin-2 energy momentum tensor and its superpartner (j + and α + respectively in our general notation). The fact that this kind of improvement is possible in general, not just in the conformal case, is shown in appendix A.
Conservation laws with non-superfields
A final cautionary note concerns our general statement that the conserved charge B in (3.7) must always commute with supersymmetry. As mentioned earlier, this follows immediately from the assumption that J ± are superfields, and in the case of energy-momentum conservation it is certainly consistent with the fact that supersymmetries commute with translations. But this cannot apply to the supersymmetry charge itself-after all, super-symmetries should square to give translations. More generally, we saw that the superpartner F + in (3.14) does not commute with supersymmetry.
It is possible to express a superpartner charge F + using formulas such as (3.1) and (3.7), but only by weakening the assumption that the currents are superfields. For instance, if we know that (3.13) holds, then we can re-write (3.1) as
and F + can be constructed from this new current by applying the general formula (3.7).
Since these new current components involve explicit θ-dependence, they are no longer superfields, and so our previous argument no longer applies.
It is helpful to compare this behaviour with symmetries in ordinary spacetime. There any charge constructed entirely from fields, such as a momentum generator or an internal symmetry generator, must commute with translations. But charges which involve explicit dependence on x-coordinates, such as Lorentz generators, will not commute with translations. Similarly, in superspace, any charge constructed entirely from superfields will necessarily commute with supersymmetry. But charges involving explicit θ-dependence will not. The supersymmetry charge is the prime example (see the appendix) but these remarks also apply to R-symmetry generators, for instance. 4 The supersymmetric principal chiral model
Preliminaries
With our superspace notation established in the previous section, the super PCM is defined in terms of a superfield G(x + , x − ; θ + , θ − ) taking values in a conventional (bosonic) Lie group G, but depending on both bosonic x ± and fermionic θ ± (Grassmann) coordinates.
The superspace lagrangian is
Just as in the bosonic case, it has a continuous G L × G R symmetry, and discrete symmetries
We shall again refer to the first of these as G-parity.
The continuous symmetries give rise to superspace currents
taking values in the Lie algebra A (given our experience with the bosonic model, we focus immediately on the L-currents) and the equations of motion are precisely the conservation condition
The definition of the currents means that they can be regarded as components of a zerocurvature super gauge field, implying
Combining these equations, we have
The conservation laws
are easily checked and in fact they constitute the first members of two series of local conserved currents which we shall discuss below. For the moment we note that it is the combinations
which are invariant under G-parity and which contain the components of the supercurrent and the energy-momentum tensor.
Non-local charges
The non-local charges for a supersymmetric sigma model may be constructed [16] in component formalism using a rather opaque generalization of the iterative procedure described earlier for the bosonic case. The result is again Y L × Y R : there are no new fermionic superpartners for the charges. The construction looks neater in the superfield formalism [17] , where it is a natural extension of the bosonic case, and the lack of superpartners is accounted for by the discussion we gave in section 3.
We define a curvature-free superspace connection:
by virtue of (4.5). Now suppose that J (r)
± for r = 1, . . . , n are conserved, fermionic, superfield currents:
for some scalar superfields X (r) , and that they are in addition related by
Setting r = n + 1 in the last equation defines a new current J (n+1) ± which is conserved because
Setting J (0) ± = J ± and X (−1) = 1 completes the induction. We make the link with the component fields of the first paper of [16] by pointing out that, comparing their eqns. (2.12, 3.9) with our (3.2), their
The charges are given by
since it may be checked that α However, the explicit calculation is beyond the scope of this paper.
Local charges
Just as for the bosonic theory, it follows from the equations of motion (4.6) that
Since the superfield currents are fermionic, these quantities involve a totally anti-symmetric Lie algebra invariant (rather than the symmetric tensors we encountered in the bosonic situation). Using the cyclic property of the trace, it is easy to see that when n is even, no such antisymmetric invariants exist and, correspondingly, the expressions above vanish identically. When n is odd, however, antisymmetric invariant tensors can be found. They are described in [19] and occur precisely for n = 2m−1, where m is the order of a symmetric invariant. Since each J carries 1/2 unit of spin, the spins of the superspace currents will be (2m − 1)/2 − 1/2 = s − 1/2, where s = m − 1. The resulting bosonic charge, defined as in (3.7), will consequently have spin s. The set of spins which emerges is therefore precisely the same as in the bosonic case, though here the charges arise from superfield conservation equations involving anti-symmetric Lie algebra invariants, whereas in the bosonic models they arose from conventional currents involving symmetric Lie algebra invariants.
For the super PCMs there are further conservation laws of the form
which again follow directly from the equations of motion. When n is odd these are genuinely new, whereas for n even they are derivatives of the quantities in (4.10). The spins of the corresponding bosonic charges do not follow the exponents of the algebra. It is actually convenient to modify these new currents slightly, by adding combinations of the old currents with J 1 ≡ J + . The bracket here is graded: a commutator for even r, an anticommutator for odd r. As a consequence, these currents all live in the bosonic Lie algebra A, i.e. they may be written J r = J a r t a in the usual way. Then we find
We now have two series of classically conserved currents, (4.10) and
each defined for n odd and with definite behaviour under G-parity, namely odd and even respectively. When considering currents of sufficiently high spin, we may also take products of these together with their derivatives. The odd charges (4.10) dictate the multiplet structure, as we shall observe shortly, and they have spins coinciding with those in the bosonic theory. It is not clear to us in general how the even charges (4.13) enter the picture. The first is super-energy-momentum, and survives in the quantum theory, as we shall prove in the next subsection. However, we have not found any of the higher even-parity charges to be guaranteed conserved in the quantum theory, and so their status remains unclear.
Note that classically, the currents (4.10) and (4.13) will give rise to both bosonic and fermionic conserved charges, since they are conservation laws are of the 'holomorphic' type (3.9) discussed earlier. But if they survive in the quantum theory we expect them to take the more general form (3.1), because the anomalous terms will involve both superspace derivatives in general. Quantum mechanically, therefore, it is only the bosonic charges we expect to survive, since (3.1) will not generally admit fermionic superpartners, as discussed at length in section 3. The one exception to this will be the super-energy-momentum tensor, its partner being supersymmetry.
It therefore seems that both the local and non-local bosonic charges carry over to the supersymmetric case without the addition of superpartners. From the spins of the nontrivial charges obtained from (4.10), and, independently, from the continued presence of Yangian symmetry, we might therefore expect Dorey's construction to carry over to the supersymmetric case. It does not do so merely as the bosonic subsector of the model, however: the bosonic components of (4.10) are nothing like Tr(j m + ). As we shall see, the particle multiplets are also very different from those of the bosonic case.
Goldschmidt-Witten anomaly counting
We proceed as before, restricting our attention to SU(N) and seeking anomaly terms which have the same behaviour under G → G −1 , G → G T as the classical conservation equation. Once again we must count independent anomalies and derivative terms and compare numbers.
There are two currents to consider of spin 3/2. The first, Tr(J + J 2 ), is even under both symmetries, and contains the supercurrent and super-energy-momentum. It has one anomaly A 1 = Tr(J − J 3 ), and this can be written as
The supercurrent is therefore conserved: supersymmetry and translation invariance survive in the quantum theory, as expected. The second current, odd under both symmetries, is Tr(J 
and so the conservation law survives quantization. According to conventional wisdom, the guaranteed survival of this one higher conservation law should be enough to imply integrability. For the second current, however, we find Although both (4.10) and (4.13) involve half-odd-integer spin currents, there is also the possibility of constructing classically conserved integer spin currents by taking products of them. The first non-trivial case is Tr(J 3 + )Tr(J + J 2 ), which has spin 6/2 = 3 and is odd under discrete symmetries. We find p = 10 and q = 7, so again the question of quantum conservation remains open.
Particle multiplets and G-parity
Recall that the charges obtained from (4.10) are odd under G-parity. We might therefore expect that the generic particle multiplets, and not just those which are non-self-conjugate, would form G-parity doublets. This matches [20] , where the multiplets were found (for SU(N), although we now expect this form for all A) to be (1 ⊗ V ) ⊕ (V ⊗ 1), in which the doublets will lie. Notice that this structure is independent of supersymmetry: the boson-fermion doublet (or more probably a fermionized doublet in which neither state is clearly boson or fermion) appears as a direct product with it. This is somewhat in the spirit of Witten [21] , who in considering a purely fermionic model viewed the (analogue of) G-parity doublets as a form of supersymmetry.
Open questions
In this paper we have examined some central issues regarding local conserved charges and their relationship with non-local charges in both bosonic and supersymmetric PCMs. We were motivated in part by general considerations such as the possible connections between Dorey's rule and quantum group symmetries which have significance beyond PCMs themselves. But we have also been concerned with trying to understand more completely the exact S-matrices of [1] and [20] .
Many interesting problems lie ahead in trying to complete the bridge between our results and the exact S-matrix results of [20] . In particular, an obvious next step is the detailed working out of the Poisson brackets among the various charges of the SUSY case. Certainly the relative status of the two sets of local charges (4.10) and (4.13) is still rather unclear.
A naive expectation might be that the former survive in the quantum theory, whilst the latter, with the exception of super-energy-momentum, do not. However, we do not feel we have sufficient evidence at present to assert this with any conviction.
Clarifying these issues might leave us in a position to better understand the multiplet structure of [20] , and in particular how the roles of G-parity and supersymmetry mesh in determining it. Recall that in [20] , the supersymmetry algebra was taken to be a restriction of the SU(N) quantized affine algebra, potentially allowing central charges [22] in the Cartan subalgebra. Classically {Q + , Q − } = 0, and it will be important to understand how quantization may lead to the modification of this algebra by central charges. One possible route might be to bosonize the model in the spirit of [21] .
Finally, let us return to the broader question, applying to both bosonic and supersymmetric models, of the apparent ubiquity of Dorey's construction in integrable field theories and the frequent co-existence of the local with the non-local charges. It is worth remarking that it is precisely the properties of the local charges (additivity, commutativity, definite non-trivial spin) which have been used to deduce properties of the S-matrix in two [13] and four [23] dimensions. The non-local charges escape such theorems, but nevertheless lead to factorized S-matrices through their quasitriangular Hopf algebra ('quantum group') structure: and if they always co-exist with local charges, perhaps their unusual properties are a false trail after all. Of course, integrability constrains a field theory very highly, and it should be no surprise that the same set of fusings emerges in a variety of guises. Nevertheless these quantum groups have much intrinsic mathematical interest, and it would be very rewarding to find the deeper construction beneath their disguise.
A Appendix: Energy-momentum conservation and supersymmetry
In the main text we used only explicit light-cone labels for vectors and spinors in superspace, and we deliberately avoided the need to raise and lower indices. Here it will be helpful to write some formulas in terms of vector indices µ, ν, . . . and spinor indices a, b, . . . and apply the standard summation convention for contracted upper and lower indices. To compare with the formulas of section 3, we need only that the general current conservation equation (3.1) can be written
with suitable conventions for raising and lowering spinor indices.
Consider a field theory in superspace, described by a superfield lagrangian
where Φ(x µ , θ a ) is a superfield and D a are superspace derivatives. Under the action of some graded transformations the superfield transforms as
and, using the equations of motion, the variation of the lagrangian can be expressed in the form
The condition for invariance of the action is
where the first equation defines X a . This is the superspace form of Noether's Theorem.
Applying this to x-translations in the direction labelled µ, we find a superspace conservation equation for energy-momentum
where T a µ is a vector-spinor superfield. In detail:
where we have made use of the superspace algebra D ± ∂ ± we arrive at an expression for the current related to the energy-momentum current:
Notice that the supersymmetry superfield current involves explicit θ-dependence.
In fact (A.2) implies (A.1), as one would expect from the fact that supersymmetries combine to give translations. It is also easy to see, by taking these equations together as written, that
It is this which allows us to improve the energy-momentum tensor in the way that we desire.
Considering translations or supersymmetries given by µ = b = +, it follows from (A.3) that we can define an improved superfield current:
The last condition is just the criterion (3.13) for the existence of a conserved superpartner. Similarly, for translations and supersymmetries given by µ = b = − we have the independent improvementT
which satisfies
The superpartners so constructed are exactly the supersymmetry generators.
The improved conservation laws for supersymmetry can also be written in terms of non-superfield currents
as discussed in section 3.
B Appendix: Further details of anomalies
In this appendix we list the As and Bs for the highest-spin cases. The most difficult aspect of the calculation is to be certain to have eliminated all dependences among the Bs. We have checked all our calculations carefully, and we believe that the lists below are independent, but even if were mistaken in this respect, we should point out that our counting would still constitute an upper bound for q, which would not affect the conclusion that the Goldschmidt-Witten arguments are insufficient to prove conservation in these cases. The lists given in the main text, for which the Goldschmidt-Witten arguments are successful, are much simpler because they involve significantly fewer currents. It is then much easier to see that all the anomalies and derivatives are indeed independent.
B.1 Bosonic case
Spin 5 (m = 5) currents: Tr(j 
Note that the the additional term ∂ − Tr(j 
The further derivative terms ∂ − Tr(j + j 2 j + j 2 ), ∂ − Tr(j There is also a single independent classical spin-6 current Tr(j 3 + )Tr(j + j 2 ) which is (odd/even) under (2.30). In this case, p = 21, q = 10, but we omit the details.
B.2 Supersymmetric case
Spin 7/2 currents Tr(J 7 + ) and Tr(J 2 + J 2 )Tr(J + J 2 ) both (odd/odd) under (4.12) There is also a spin-6/2 current, Tr(J 3 + )Tr(J + J 2 ), which is (odd/odd) under (4.12) . In this case we find p = 10, q = 7; the details are not particularly instructive, so we omit them.
C Appendix: Commutation of local with non-local bosonic charges
In this appendix we provide the gist of the calculation {q s , Q the ('non-ultralocal') terms arising from integration of the derivative of the delta function vanish since we assume j → 0 as x → ±∞.
Next, the non-local term. Here we must be explicit about the limits of the integration, which we shall take to be ±L, letting L become large. Letting θ(x) be the step function, The sum of the two is then zero due to the identity (2.19) and the symmetry of the integrand.
